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Abstract
New Galilei quantum groups dual to the Hopf algebras proposed in [1] are
obtained by the nonrelativistic contraction procedures. The corresponding Lie-
algebraic and quadratic quantum space-times are identified with the translation
sectors of considered algebras.
1
1 Introduction.
Recently, there were found arguments based on quantum gravity [2], [3] and string the-
ory [4], [5] indicating that space-time at Planck scale should be noncommutative, i.e. it
should have a quantum nature. On the other side, there appeared a lot of papers deal-
ing with classical ([6]-[10]) and quantum ([11]-[15]) mechanics, Doubly Special Relativity
frameworks ([16]-[19]), and field theoretical models ([20]-[30]), in which noncommutative
space-time plays a prominent role.
In accordance with general classification of all possible deformations of relativistic and
nonrelativistic symmetries ([31], [32]) one can distinguish three kinds of quantum spaces:
1) Canonical (θµν-deformed) space-time
[ xˆµ, xˆν ] = iθµν ; θµν = const , (1)
considered in [33]-[36]. The corresponding twist deformation of Poincare´ Hopf algebra
Uθ(P) has been proposed in [34], while its dual quantum group Pθ in [33] and [36]. There
were also provided two θµν-deformed Galilei Hopf algebras [1] as the contraction limits of
twisted Poincare´ group Uθ(P).
2) Lie-algebraic modification of classical space
[ xˆµ, xˆν ] = iθ
ρ
µν xˆρ , (2)
with particularly chosen coefficients θρµν being constants. There exist two explicit realiza-
tions of such a noncommutativity - κ-Poincare´ Hopf algebra Uκ(P) [37], [38] and twisted
Poincare´ group Uζ(P) [39] (see also [40]). Their dual partners Pκ and Pζ have been recov-
ered in [41] and [39], respectively. Besides, the so-called κ-Galilei group has been provided
by nonrelativistic contraction of κ-Poincare´ Hopf algebra in [42], and its dual quantum
partner has been described in [43]. The remaining Galilei algebras were recovered in [1]
by various contractions of twisted Poincare´ group Uζ(P).
3) Quadratic deformation of Minkowski space
[ xˆµ, xˆν ] = iθ
ρτ
µν xˆρxˆτ , (3)
with coefficients θρτµν being constants. This type of noncommutativity has been proposed
as the translation sector of Poisson-Lie structure Pξ. The explicit form of its nonrelativis-
tic counterpart remains unknown.
In this article we perform three nonrelativistic contractions (see Section 2) of twisted
Poincare´ groups Pθ, Pζ and Pξ, respectively. In such a way we recover six Galilei Hopf
algebras dual to the quantum (Galilei) groups proposed in [1]1. Two of them correspond
1They were obtained by contractions of Uθ(P), Uζ(P) and Uξ(P) twisted Poincare´ Hopf algebras.
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to canonical (1)), three - to Lie-algebraic (2)), and one - to quadratic (3)) type of space-
time noncommutativity. We show that in the Lie-algebraic case their translation sectors
can be identified with the nonrelativistic space-times, introduced in [1] as a quantum
representation space (a Hopf module) of twisted (Galilei) algebras. Consequently, we
reproduce three Lie-algebraically deformed space-times: two with quantum space and
classical time, and one with classical space and quantum time. In such a way we also
recover a new quadratic Galilei space-time (a translation sector) with quantum space and
classical time.
It should be mentioned that presented groups can be recovered with use of two other
Hopf-algebraic methods [44], [45]. First of them, so-called FRT procedure [44], uses
quantum R-matrix associated with the considered algebra, while the second one, leads to
quantum group by canonical quantization of a suitable Poisson-Lie structure [45], [32]. It
should be noted, however, that contraction scheme used in this article has one advantage
- it gives an additional information about relativistic counterparts of recovered algebras,
i.e. we get our Galilei groups as a contraction limit of existing Poincare´ Hopf structures.
The knowledge of explicit form of Galilei Hopf algebra (U.(G)) as well as its dual
quantum group (G.) permits us to analyze the basic nonrelativistic dynamical systems.
Using so-called Heisenberg double procedure [46] one can provide a proper phase-space
associated with the considered Hopf algebras. Such a construction in the case of rela-
tivistic symmetries has been presented in [47], [48] for κ-Poincare´ algebra, and in [49] for
Lie-algebraically twisted Poincare´ group. Moreover, the Heisenberg uncertainty princi-
ple corresponding to the above (quantum) phase-spaces, has been provided in [47] and
[49] for κ- and twist-deformed symmetries respectively. The analogous investigations at
nonrelativistic level already has been undertaken.
The paper is organized as follows. In second Section we describe three contraction
procedures used in this article - one c-independent and two with c-dependent parameter
of deformation. In Sections 3, 4 and 5 we find canonical, Lie-algebraic and quadratic
twist deformations of quantum Galilei group, respectively. The results are summarized
and discussed in the last Section.
2 Contraction procedures.
Let us consider the following redefinition of rotation and translation generators of quantum
Poincare´ group [50] (see also [43])2
Λ00 =
(
1 +
v2
c2
) 1
2
, (4)
Λi0 =
vi
c
, (5)
2The light-velocity c plays a role of contraction parameter.
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Λ0i =
vkRki
c
, (6)
Λki =
(
δkl +
((
1 +
v2
c2
) 1
2
− 1
)
vkvl
v2
)
Rl i , (7)
ai = bi , a0 = cτ , (8)
where Ri j, v
i, τ, bi denote the generators of Galilei quantum group - rotations, boosts and
translations, respectively. In this article we consider three nonrelativistic contractions:
i) Standard (Ino¨nu¨-Wigner) contraction with c-independent parameter of deformation
[50], i.e. we use the redefinition (4)-(8) and take the c→∞ limit.
ii) Contraction with c-dependent parameter κ ([ κ ] = (lenght)−1) such that κ = κˆ/c
([ κˆ ] = (time)−1) [51], [52]. Then, in the c→∞ limit we get the quantum group with
deformation parameter κˆ.
iii) The parameter κ is replaced by κ = κc ([ κ ] = (time)× (lenght)−2) (see e.g. [51]),
and the contraction limit c→∞ leads to the quantum group with parameter κ.
As we mentioned in Introduction, we shall perform three contractions in the case of
canonical Pθ, Lie-algebraic Pζ and quadratic Pξ Poincare´ groups. They were provided in
[34], [39] together with their dual partners U(Pθ), U(Pζ) and U(Pξ), respectively.
3 Canonical deformation.
Let us start with canonical deformation of relativistic symmetries. The θµν-deformed
Poincare´ group Pθ has been proposed some years ago in [33] and rediscovered recently in
[36]. Its algebraic sector looks as follows3
[ aµ, aν ] = i θρσ(Λµρ Λ
ν
σ − δ
µ
ρ δ
ν
σ) , (9)
[ Λµτ ,Λ
ν
ρ ] = [ a
µ,Λνρ ] = 0 , (10)
while coproducts remain undeformed
∆(aµ) = Λµν ⊗ a
ν + aµ ⊗ 1 , ∆(Λµν) = Λ
µ
ρ ⊗ Λ
ρ
ν . (11)
The corresponding classical r-matrix has the form [31]
rθ =
1
2
θµν Pµ ∧ Pν , (12)
3ηµν = (−,+,+,+).
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with fourmomentum generators Pµ dual to the translations a
µ. Obviously, the r-matrix
(12) satisfies the classical Yang-Baxter (CYBE) equation
[[ rθ, rθ ]] = [ rθ12, rθ13 + rθ23 ] + [ rθ13, rθ23 ] = 0 , (13)
where symbol [[ ·, · ]] denotes the Schouten bracket and rθ12 =
1
2
θµνPµ ∧ Pν ∧ 1, rθ13 =
1
2
θµνPµ ∧ 1 ∧ Pν , rθ23 =
1
2
θµν1 ∧ Pµ ∧ Pν .
In the case of simplest contraction of Pθ group (see i)), for parameter c running to
infinity, we get the following algebraic sector
[ bi, bj ] = i θkl(Rik R
j
l − δ
i
k δ
j
l) , (14)
[ τ, bi ] = [ τ, vi ] = [ bi, vj ] = [ vi, vj ] = 0 , (15)
[ Ri j, R
k
l ] = [ v
i, Rkl ] = [ τ, R
i
j ] = [ b
i, Rkl ] = 0 , (16)
supplemented by the classical (undeformed) coproducts
∆(Ri j) = R
i
k ⊗R
k
j , (17)
∆(vi) = Rij ⊗ v
j + vi ⊗ 1 , (18)
∆(τ) = τ ⊗ 1 + 1⊗ τ , (19)
∆(bi) = Ri j ⊗ b
j + vi ⊗ τ + bi ⊗ 1 . (20)
The relations (14)-(20) define softly deformed Galilei group Gθ dual to the Hopf algebra
Uθ(G) associated with the following classical rθ-matrix (see [1])4
rθ =
1
2
θkl Πk ∧Πl , Πi − dual to the translations b
i . (21)
Let us turn to the contraction ii) of Pθ group (θµν = θˆµν/κ) with c-dependent defor-
mation parameter κ = κˆ/c. In such a case, for θˆij = 0 and θˆ0i = θ
0ic
κˆ
, in the contraction
limit c→∞ we get
[ bi, bj ] = i
θˆ0k
κˆ
(viRjk −R
i
kv
j) , (22)
[ τ, bi ] = i
θˆ0k
κˆ
(Rik + δ
i
k) , (23)
4All mentioned in this article classical r-matrices satisfy the classical Yang-Baxter equation (13), i.e.
they correspond to twist-deformed Galilei Hopf algebras.
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[ τ, vi ] = [ bi, vj ] = [ vi, vj ] = 0 , (24)
[ Ri j, R
k
l ] = [ v
i, Rkl ] = [ τ, R
i
j ] = [ b
i, Rkl ] = 0 , (25)
with the classical coproduct (17)-(20) and corresponding classical r θˆ
κˆ
-matrix
r θˆ
κˆ
=
θˆ0k
κˆ
Π0 ∧ Πk ; Π0 − dual to the generator τ . (26)
The relations (22)-(25) and (17)-(20) define softly deformed Galilei group G θˆ
κˆ
dual to the
algebra U θˆ
κˆ
(G) (see [1]). One can also check that for θij 6= 0 the contraction ii) becomes
divergent, while in the case of contraction iii) (κ = κc), for arbitrary value of parameter
θµν , we get the undeformed Galilei quantum group G0.
4 Lie-algebraic deformation.
The Lie-algebraic twist deformation of Poincare´ group Pζ has been studied in [39]. Its
algebraic sector looks as follows
[ aµ, aν ] = iζν(δµαaβ − δ
µ
βaα) + iζ
µ(δνβaα − δ
ν
αaβ) , (27)
[ aµ,Λνρ ] = iζ
λΛµλ(ηβρΛ
ν
α − ηαρΛ
ν
β) + iζ
µ(δνβΛαρ − δ
ν
αΛβρ) , (28)
[ Λµν ,Λ
ρ
τ ] = 0 , (29)
while coproducts remain classical (see (11)). The corresponding rζ-matrix has the form
rζ =
1
2
ζλ Pλ ∧Mαβ ; λ 6= α, β − fixed , (30)
where generators Mµν are dual to the rotations Λ
µ
ν .
In the case of ”space-like” carrier {Mkl, Pγ ; γ 6= k, l, 0 } the c-independent contrac-
tion i) leads to the following algebraic sector
[ bi, bj ] = i ζδjγ(δik bl − δ
i
l bk) + i ζδ
iγ(δjl bk − δ
j
k bl) , (31)
[ bi, vj ] = i ζδiγ(δjl vk − δ
j
k vl) , (32)
[ bi, Rρτ ] = iζR
i
γ(δlτR
ρ
k − δkτR
ρ
l) + iζδ
i
γ(δ
ρ
lRkτ − δ
ρ
kRlτ ) , (33)
[ τ, bi ] = [ τ, vi ] = [ vi, vj ] = 0 , (34)
[ Rij , R
k
l ] = [ v
i, Rkl ] = [ τ, R
i
j ] = 0 , (35)
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and undeformed coproducts (17)-(20). The above relations define twisted Galilei group
Gζ dual to the Hopf algebra Uζ(G) (see [1]). In the case of carrier {Mkl, P0 } we get
undeformed Galilei quantum group G0, while for ”boost-like” carrier {Mk0, Pl ; k 6= l }
the commutators of boosts with translations become divergent.
It should be noted that Hopf algebra Uζ(G) has been provided with use of the following
twist factor
Kζ = exp
i
2
(ζ Πγ ∧Kkl) ; Kkl − dual to the generator R
k
l . (36)
In such a case one can define the corresponding nonrelativistic space-time as its quantum
representation space - a Hopf module [53]. It looks as follows [1]5
[ xi, xj ]⋆ζ = iζδγj(δkixl − δlixk) + iζδγi(δljxk − δkjxl) , (37)
[ t, xi ]⋆ζ = 0 , (38)
where the ⋆ζ-multiplication of two functions is given by
f(t, x) ⋆ζ g(t, x) := ω ◦
(
K−1ζ ⊲ f(t, x)⊗ g(t, x)
)
, (39)
with Kζ = exp
(
− i
2
ζ ∂γ ∧ (xk∂l − xl∂k)
)
and ω ◦ (a⊗ b) = a · b. Hence, we see, that after
the substitution
τ ↔ t , bi ↔ xi , (40)
the translation sector (31), (34) can be identified with the nonrelativistic quantum space-
time (37), (38).
Let us now turn to the contraction ii) of the Poincare group Pζ with ζ =
1
κ
. Then,
for {Mkl, P0 } the corresponding Galilei quantum group Gκˆ (κ = κˆ/c) looks as follows
[ τ, bi ] =
i
κˆ
(δik bl − δ
i
l bk) , (41)
[ τ, vi ] =
i
κˆ
(δik vl − δ
i
l vk) , (42)
[ τ, Rρτ ] =
i
κˆ
(δlτR
ρ
k − δkτR
ρ
l) +
i
κˆ
(δρkRlτ − δ
ρ
lRkτ ) , (43)
[ bi, Rρτ ] =
i
κˆ
vi(δlτR
ρ
k − δkτR
ρ
l) , (44)
[ bi, bj ] = [ bi, vj ] = [ vi, vj ] = 0 , (45)
[ Ri j , R
k
l ] = [ v
i, Rkl ] = 0 , (46)
5[a, b]⋆ζ ≡ a⋆ζb− b⋆ζa .
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while coproducts remain classical. For carriers {Mkl, Pγ ; γ 6= k, l, 0 } and {Mk0, Pl ; k 6=
l } the contraction ii) becomes divergent. Besides, it should be noted that a proper (dual)
Hopf algebra Uκˆ(G) and the corresponding κˆ-deformed space-time6
[ t, xi ]⋆κˆ =
i
κˆ
(δlixk − δkixl) , [ xi, xj ]⋆κˆ = 0 , (47)
have been provided in [1]7. We see, that after substitution (40) the relations (47) and
(41), (45) become identical.
Let us now consider the contraction iii). Then, for carrier {Mkl, Pγ ; γ 6= k, l, 0 } we
obtain the classical (undeformed) Galilei Hopf algebra G0.
In the case {Mk0, Pl ; k 6= l } the situation is more complcated, i.e. one can check
that after contraction we get the following Galilei quantum group Gκ (κ = κc)
[ bi, bj ] =
i
κ
τ(δjlδ
i
k − δ
i
lδ
j
k) , (48)
[ vi, bj ] =
i
κ
(RjlR
i
k + δ
j
lδ
i
k) , (49)
[ τ, bi ] = [ τ, vi ] = [ τ, Rij ] = [ v
i, vj ] = 0 , (50)
[ bi, Rρτ ] = [ R
i
j , R
ρ
τ ] = [ v
i, Rρτ ] = 0 , (51)
with trivial coproduct (17)-(20).
The corresponding (dual) Hopf algebra Uκ(G) has been recovered with use of the
following twist factor
Kκ = exp
i
2κ
(Πl ∧ Vk) ; Vk − dual to the boost generator vk . (52)
One can observe that its nonrelativistic space-time is exactly the same as the translation
sector (48), (50) (see [1])
[ xi, xj ]⋆κ =
i
κ
t(δliδkj − δkiδlj) , [ t, xi ]⋆κ = 0 , (53)
where ⋆κ-multiplication is given by
f(t, x) ⋆κ g(t, x) := ω ◦
(
K−1κ ⊲ f(t, x)⊗ g(t, x)
)
; Kκ = exp(
i
2κ
∂l ∧ t∂k) ,
i.e. we can identify the translation sector (48), (50) with nonrelativistic space-time (53).
6The above space-time is equipped with quantum time and classical space. For its N = 1 supersym-
metric counterpart see [54].
7The corresponding twist factor looks as follows Kκˆ = exp (
i
2κˆ
Π0 ∧Kkl).
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5 Quadratic deformation.
The quadratic deformation of Poincare´ group Pξ has been investigated in [39]. It is given
by the following algebraic sector
[ Λµτ ,Λ
ν
ρ ] = (1− cosh ξ)
∑
k=α,β
l=γ,δ
(δµ{kδ
ν
l}Λ
{k
τΛ
l}
ρ − δ
{k
ρδ
l}
τΛ
ν
{kΛ
µ
l}) + (54)
+ i sinh ξ[(ηβρΛ
ν
α − ηαρΛ
ν
β)(ηδτΛ
µ
γ − ηγτΛ
µ
δ) +
+ (ηδρΛ
ν
γ − ηγρΛ
ν
δ)(ηατΛ
µ
β − ηβτΛ
µ
α) +
+ (ηβµΛατ − η
αµΛβτ )(η
γνΛδρ − η
δνΛγρ) +
+ (ηγµΛδτ − η
δµΛγτ )(η
ανΛβρ − η
βνΛαρ)] ,
[ aµ, aν ] =
i
2
sinh ξ(δ[µαδ
ν]
γ {aβ, aδ} − δ
[µ
αδ
ν]
δ {aβ, aγ}+ (55)
− δ[µβδ
ν]
γ {aα, aδ}+ δ
[µ
βδ
ν]
δ {aα, aγ}) +
+
1
2
(1− cosh ξ)
∑
k=α,β
l=γ,δ
δ
[µ
kδ
ν]
l [ a
k, al ] ,
[ aµ,Λνρ ] = (1− cosh ξ)
∑
k=α,β
l=γ,δ
δµ{kδ
ν
l}a
{kΛl}ρ + (56)
+ i sinh ξ[ (δµαaβ − δ
µ
βaα)(δ
ν
γΛδρ − δ
ν
δΛγρ) +
− (δµγaδ − δ
µ
δaγ)(δ
ν
αΛβρ − δ
ν
βΛαρ) ] ,
with δµ{kδ
ν
l}O
{k
τO
l}
ρ = δ
µ
kδ
ν
lO
k
τO
l
ρ + δ
µ
lδ
ν
kO
l
τO
k
ρ, and the classical coproduct (11). The
corresponding rξ-matrix looks as follows
rξ =
1
2
ξMαβ ∧Mγδ , (57)
where indices α, β , γ , δ are all different and fixed.
One can see that for α = i, β = 0, γ = k and δ = l the contraction i) becomes
divergent in the c→∞ limit. Similarly, for Pξ with ξ = ξˆ/κ the contraction ii) (κ = κˆ/c)
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does not exist. In the case iii) (κ = κc) situation appears less trivial, i.e. in the c → ∞
limit we get the following algebraic sector
[ vρ, vτ ] = −
iξˆ
2κ
δiρ(δkτvl − δlτvk) +
iξˆ
2κ
δiτ (δkρvl − δlρvk) , (58)
[ Rρτ , v
j ] = −
iξˆ
2κ
Rji(δlτR
ρ
k − δkτR
ρ
l) +
iξˆ
2κ
δij(δ
kρRl τ − δ
lρRkτ ) , (59)
[ bρ, bτ ] =
iξˆ
2κ
(δ
[ρ
iδ
τ ]
k {τ, bl} − δ
[ρ
iδ
τ ]
l {τ, bk}) , [ τ, b
j ] = 0 , (60)
[ bj , Rρτ ] =
iξˆ
2κ
δjiτ(δ
ρ
kRlτ − δ
ρ
lRkτ ) , (61)
[ τ, Rρτ ] = [ τ, v
j ] = [ Rρτ , R
σ
ω ] = 0 , (62)
[ bρ, vτ ] =
iξˆ
2κ
δρiτ(δ
τ
kvl − δ
τ
lvk)−
iξˆ
2κ
δτi(δ
ρ
kbl − δ
ρ
lbk) , (63)
and classical coproducts. The above relations define quadratic Galilei group Gκ equipped
with the following classical rκ-matrix
rκ =
ξˆ
2κ
(Vi ∧Kkl) . (64)
Let us now turn to nonrelativistic space-time corresponding to the quantum group
(58)-(63). As it was mentioned, it is defined as a quantum representation space of Galilei
group Gκ. The action of dual generators Vi and Kkl on such a space is given by
Kkl ⊲ f(t, x) = i (xk∂l − xl∂k) f(t, x) , Vi ⊲ f(t, x) = it∂i f(t, x) , (65)
while the ⋆κ-multiplication looks as follows
f(t, x) ⋆κ g(t, x) := ω ◦
(
K−1κ ⊲ f(t, x)⊗ g(t, x)
)
; Kκ = exp (
iξˆ
2κ
t∂i ∧ (xk∂l − xl∂k)) .
Hence, we have
[ xρ, xτ ]⋆κ =
iξˆ
2κ
(δ
[ρ
iδ
τ ]
k {t, xl}⋆κ − δ
[ρ
iδ
τ ]
l {t, xk}⋆κ) , [ t, x
j ]⋆κ = 0 . (66)
We see that the noncommutative space-time (66) is exactly the same as the translation
sector (60) attached to quantum space and classical time.
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6 Final remarks.
In this article we propose canonical and Lie-algebraic twist deformations of quantum
groups dual to the recovered in [1] Galilei Hopf algebras U.(G). Besides, we also obtained
a new quadratic deformation of Galilei Hopf structure as well as the corresponding non-
commutative (quantum) space-time. In such a way we show that the translation sectors of
dual groups are identical with Hopf-modules (space-times) of corresponding Galilei Hopf
algebras [1].
It should be mentioned that presented results complete our studies in [1] on the con-
tractions of twisted Poincare´ groups. Nevertheless, they can be extended in various ways.
First of all, one can consider basic dynamical models corresponding to considered Galilei
algebras [55]. Besides, it seems interesting to find other D = 3 + 1 dimensional nonrela-
tivistic space-times, corresponding Hopf algebras describing symmetry, and dual groups,
predicted by the general classification of all Galilean Poisson-Lie structures [32] (see also
for two-dimensional case [56] and [57]). One can also ask about a ”superposition” of dis-
cussed quantum deformations as well as their supersymmetric N = 1 extensions (see e.g.
[58] and [54]). Finally, as it was mentioned in Introduction, the corresponding quantum
phase-spaces can be generated with use of the Heisenberg double procedure [46]. The
investigation of these problems are under study.
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